In this paper we study a class of functions that appear naturally in some equidistribution problems and that we call F -harmonic. These are functions of the universal cover of a closed and negatively curved which possess an integral representation analogous to the Poisson representation of harmonic functions, where the role of the Poisson kernel is played by a Hölder continuous kernel. More precisely we prove a theorem à la Fatou about the nontangential convergence of quotients of such functions, from which we deduce some basic properties such as the uniqueness of the F -harmonic function on a compact manifold and of the integral representation of F -harmonic functions.
Introduction
Equidistribution problems. This paper is devoted to the study of a class of functions that appears naturally in the study of some equidistribution problems. Namely, consider a closed and negatively curved Riemannian manifold M and a projective action of its fundamental group on the Riemann sphere ρ : π 1 (M ) →P SL 2 (C) .
Denote by N its Riemannian universal cover and fix a base point o ∈ N . We define a distance on π 1 (M ) by d (γ 1 , γ 2 ) = dist(γ 1 o, γ 2 o), and denote the ball centered at I d and of radius R by B R . The equidistribution problem concerns the existence of the following limit: (M) δ ρ(γ)x , where x ∈ CP 1 . This discrete equidistribution problem possesses a continuous version in terms of foliations. By suspension of ρ it is possible to define a fiber bundle Π : E → M with fiber CP 1 endowed with a foliation F transverse to the fibers whose holonomy representation is precisely given by ρ. Here we are interested in a multidimensional analogue of Birkhoff averages. Denote by L x the leaf of a point x ∈ M and by proj x : (N , o) →(L x , x) the Riemannian universal cover of the leaf. The equidistribution problem of large balls tangent to the leaves concerns the existence of the following limit:
Leb (B (o, R) ) .
It is proven in [Al3] (see also [BG] for the case where the base is a hyperbolic surface) that when no measure on CP 1 is invariant by the action of each element of the holonomy group ρ(π 1 (M ) ), each of these two equidistribution problems has a unique solution (independent of x ∈ E ). These problems are related: disintegrating the solution of the second problem gives the solution of the first one.
The proof provides more: the solution of the second problem is a measure that has a local characterization similar to that of Garnett's harmonic measures [Gar] . Locally it is the product of a measure on CP 1 by measures on the plaques that have a density with respect to Lebesgue, but the local densities are not necessarily harmonic (except in the constant curvature case). However they possess an integral representation very similar to the Poisson representation of positive harmonic functions in negative curvature (see [AS] ). The exponential of the Busemann cocycle plays the role of the Poisson kernel: we called 0-harmonic this type of functions.
F -harmonic functions. There are weighted versions of these equidistribution problems (see Paragraph 6.3 for the details) which led to introduce the notion of F -harmonic functions. More precisely let F : T 1 M →R be a Hölder continuous function (also called a potential in the thermodynamic formalism) and F : T 1 N → R be its lift to N . Denote by P (F ) its pressure (see Section 2.2 for the definition). Consider the Gibbs kernel:
where β ξ denotes the Busemann cocycle at ξ and the difference of the integrals stands for a limit that we shall describe later. This kernel plays the role of the usual Poisson kernel, and we define a class of functions called F -harmonic that consists of functions with the following integral representation:
where o is a base point and η is a finite Radon measure on the sphere at infinity N (∞).
A theorem à la Fatou. The aim of this article is to study these functions under the point of view of potential theory in order to show that this notion is not as artificial as it may seem at first sight. Our main result is to prove that they satisfy a theorem analogous to Fatou's theorem about nontangential convergence of harmonic functions (the version given by Anderson-Schoen [AS] in the context of pinched negative curvature is pertinent here). More precisely it is a relativized version of Doob [D] about the nontangential convergence of quotients of harmonic functions that we will generalize to F -harmonic functions.
Theorem A (à la Fatou). Let M be a closed Riemannian manifold with negative sectional curvature and N be its Riemannian universal cover. Let F : T

M →R be a Hölder continuous potential. Finally let h , h 2 : N →R two F -harmonic functions defined by the integral formulae:
where η i , i = 1, 2 are finite Radon measures on N (∞). Write the Lebesgue decomposition of η 1 with respect to η 2 as:
where f is an η 2 -integrable function, and η s is a finite Radon measure which is singular with respect to η 2 . Then:
1. for η 2 -almost every ξ ∈ N (∞), we have:
as z converges nontangentially to ξ;
2. for η s -almost every ξ ∈ N (∞), we have:
as z converges nontangentially to ξ.
The idea of looking at the theory of Hölder cocycles in negative curvature from a potential theoretic point of view is not new. Recall first that, using techniques à la Patterson-Sullivan, Ledrappier [L] was able to find that (up to a multiplicative constant) there is a unique family (ν F z ) z∈N of finite measures on N (∞) that is π 1 (M ) -equivariant that all lie in the same class and such that the Gibbs kernel k F realizes as the Radon-Nikodym cocycle of this family:
This construction has been generalized much beyond the case of compact manifolds: see [PPS] for an optimal presentation of this theory. A priori in the noncompact case these densities are not unique anymore. In [R1, PPS] Roblin (in the constant potential case), and Paulin-PollicottSchapira (in the general case) study the functions given by masses of invariant densities and show an analogue of Fatou's theorem for these functions. Roblin [R2] deduces a theory of Martin boundary for conformal densities.
Our theorem is not a consequence of these results because they concern functions which are invariant by some group of isometries (which is not necessarily cocompact). On the contrary we are interested in the cocompact case that our functions are not supposed to be invariant by a group of isometries. Still similarities exist with these works, and the tools used here are basically the same. We also derive some inequalities à la Harnack from the now celebrated shadow lemma. We also need to apply to shadows the usual abstract theories of covering and of differentiation of measures which are usually stating using balls in R n (for example an analogue of Vitali's covering theorem for shadows is also given in [R1] ). Finally we also make an intensive use of two of the cornerstones of modern geometric ergodic theory: distortion controls and comparison with constant curvature.
Basic properties. Some basic properties of F -harmonic functions may be deduced from our main theorem. The first one is about the uniqueness of the F -harmonic function on a compact manifold, up to a multiplicative constant. This is the analogue in our context of the fact that the ony harmonic functions on a compact manifold are the constant ones. Notice that by definition k F is the Radon-Nikodym cocycle of the family of Ledrappier's measures. Hence the function z → mass(ν F z ) is a F -harmonic function. By equivariance it descends to the quotient and provides an example of F -harmonic function on M . The following theorem states that it is the only one up to a multiplicative constant. Note that we gave a shorter proof of this theorem in [Al3] using the uniqueness of Gibbs states for the geodesic flow. The following property was one of the principal motivations of the present work. Contrarily to the harmonic case our functions are not a priori invariant by a diffusion operator, and the uniqueness of the integral representation is not obvious at all. 
Theorem B (Uniqueness of the F -harmonic function
Theorem C (Uniqueness of the integral representation
Then the two measures η 1 and η 2 are equal.
Outline of the paper. In Section 2 we introduce F -harmonic functions and give the definitions that will be used throughout the text. In Section 3 we discuss the differentiation of Radon measures in N (∞) using shadows. In Section 4 we reduce the Theorem to the study of a maximal function à la Hardy-Littlewood. Section 5 is the technical part of this work: we prove the key proposition of the paper, i.e. the control of a quotient of F -harmonic functions by the maximal function. In Section 6 the reader will find the proof of the basic properties of F -harmonic stated above as well as some examples of F -harmonic functions related to projective representations of fundamental groups of negatively curved manifolds.
Gibbs kernel and F -harmonic functions
Negatively curved manifolds
In all this article, M will denote a closed (i.e. C ∞ and boundaryless) Riemannian manifold with negative sectional curvature, and N its Riemannian universal cover. Upper and lower bounds for the sectional curvature of M will be denoted respectively by −a 2 and −b 2 . Finally when κ < 0 we will denote by N κ the model space of curvature κ, i.e. the unique complete, connected and simply connected space whose sectional curvature is everywhere κ.
Sphere at infinity. N (∞) denotes the sphere at infinity of N , that is to say, the set of equivalence classes of geodesic rays for the relation "stay at bounded distance".
We consider π o : T 1 o N → N (∞) the natural projection which associates to v the class of the geodesic ray it determines. All the maps π 
, where:
o N , θ ∈ R and v ox , the unit vector tangent to o which points to x. Moreover, one says that a sequence (x i ) i ∈N converges nontangentially to a point at infinity ξ if it converges in the cone topology while staying at bounded distance from a geodesic ray. Busemann cocycle and horospheres. We define the Busemann cocycle by the following:
where ξ ∈ N (∞), y, z ∈ N and c is any geodesic ray parametrized by length of arc and pointing to ξ. It satisfies the following cocycle relation:
for every x, y, z ∈ N and ξ ∈ N (∞). It also satisfies the equivariance relation:
for every y, z ∈ N and ξ ∈ N (∞).
The horospheres are the level sets of this cocycle: two points y, z are said to be on the same horosphere centered at ξ if β ξ (y, z) = 0. It is possible (see the next paragraph) to see that horospheres are C ∞ manifolds.
The geodesic flow
M directs a unique geodesic. The geodesic flow is defined by flowing v along this geodesic it at unit speed. We denote it by g t :
It is well known that this flow is an Anosov flow [An] : there is a (Hölder) continuous splitting T T
where X is the generator of the flow and E s , E u are Dg t -invariant subbundles which are respectively uniformly contracted and dilated by the flow: [BR] ).
Recall that for every γ ∈ π 1 (M ) there is a unique closed geodesic whose free homotopy class is conjugated to γ. Denote by |γ| the length of this geodesic and by´γ F the integral of F along this geodesic. We have the following characterization of the pressure [B, BR] :
Integrating the potential along trajectories. The following lemma will be the main dynamical ingredient of our theorem à la Fatou. It relies upon the study of Poincaré series made in [L] . 
Proof. We will work in the universal cover. Denote by F : T 1 N → R the lift of F . Fix a base point o ∈ N which belongs to a fundamental domain for the action of π 1 (M ) denoted by Π ⊂ N . It is enough to prove that the integral of F − P (F ) on any (directed) geodesic ray starting from Π whose length is large enough is negative.
Consider a directed geodesic ray c starting from Π. Its ending point belongs to a fundamental domain γΠ for some γ ∈ π 1 (M ) . Since the fundamental domains have finite diameters, a convexity argument shows that the geodesic ray [o, γo] shadows c. Since moreover F is Hölder continuous and uniformly bounded, the difference of the integrals of F − P (F ) on c and on [o, γo] is bounded independently of the length of c and of γ by a constant denoted by K > 0.
Note also that since M is compact the word distance in π 1 (M ) is quasi-isometric to the distance
Hence it is enough to prove that when the word length of γ is large enough the integrals´γ o o ( F −P (F )) are less that a uniform negative constant whose absolute value can be made arbitrarily big.
But in [L] Ledrappier studied the Poincaré series:
and proved that it has a finite critical exponent: in particular this series converges for some constant s > 0 (his proof is dynamical and relies on Bowen's specification property [B] as well as on the characterization (2.3) of the pressure). That means in particular that there exists an integer L 0 > 0 such that when the length of γ is greater than L 0 the integral on [o, γo] of F − P (F ) is, for example, less than −2K . This completes the proof.
F -harmonic functions
Gibbs kernel and Ledrappier's measures. Let F : T 1 M →R be a Hölder continuous potential and F : T 1 N → R be its lift. We define the Gibbs kernel associated to F as the following function of
where the difference of the two integrals stands for the limit as T goes to infinity of´z c(T ) F −´y c(T ) F , where c is any geodesic ray asymptotic to ξ and the integrals are taken on the directed geodesic going from c(T ) to y and z. This limit exists because F is Hölder continuous: we can use the usual distortion controls. We clearly have the following cocycle relation:
when x, y, z ∈ N , and ξ ∈ N (∞). Moreover we have, by π 1 (M )-invariance of F and the invariance formula (2.2), the following equivariance relation:
which holds for y, z ∈ N , ξ ∈ N (∞) and γ ∈ π 1 (M ) . The Gibbs kernel is normalized in the sense of [L] . Ledrappier used in [L] a Patterson-Sullivan argument (using the Poincaré series seen in the proof of Lemma 2.1) in order to describe Gibbs states for the geodesic flow of a closed manifold with negative curvature (see also [K] for the relation between invariant measures for the geodesic flows and measures on the boundary). 1. the equivariance property γ * ν
Theorem 2.2. Let M be a closed Riemannian manifold with negative sectional curvature, whose universal Riemannian cover is denoted by N . Then, there exists a family (ν
2. the cocycle property:
Remark 1. The family of Ledrappier's measures is of course closely related to the Gibbs states. With our convention for the kernel k F the typical trajectories of the geodesic flows for the unique Gibbs state µ F (see [BR] ) have the following description. Their lifts to T 1 N have:
• their past extremities which are distributed according to ν Of course one can say more: lifts of Gibbs states to T 1 N have a very nice description in terms of Ledrappier's measures in the so called Hopf 's coordinates. We won't need this description here and we refer to [C, PPS] for more details. This is the reason why we called the cocycle k 
The projection of an F -harmonic function to a quotient of N will still be called F -harmonic.
Remark 2. This definition doesn't depend on the point o, because of the cocycle relation (2.4): the definition will work with another point
Remark 3. Consider the function of z ∈ N defined as:
It is F -harmonic and it passes to the quotient (thanks to equivariance properties of the kernel (2.6)). Consequently, the quotient function is F -harmonic on M and will be denoted by h F 0 . We will prove later that, up to a multiplicative constant, this is the unique F -harmonic function on M .
Three examples. We will give three important examples of Gibbs kernels:
• when F = 0, the associated Gibbs kernel is given by the following: • the Gibbs kernel associated to the potential φ
, is given by:
and the corresponding Ledrappier's measures (ν • the Gibbs kernel associated to the potential
where k is the Poisson kernel of N (see [AS] ) coincides with the Poisson kernel. The corresponding Ledrappier's measures lie in the harmonic class (see [Su2] )
Shadows, coverings and Borel density
In order to prove our Main Theorem, we will need an analogue of the usual theory of differentiation of measures in R n . Classical theorems, such as the Borel density theorem, strongly depend on the shapes of open sets we choose to shrink into points: we choose open balls since we know that they satisfy the Besicovitch's covering theorem.
In our framework, the sphere at infinity is no longer a smooth manifold, it only possesses a natural Hölder structure: the usual theorems don't apply directly. We first have to choose a family of open sets which will play the role of open balls. Shadows provide good candidates. These sets have been introduced by Sullivan [Su1] in his study of conformal densities for the action at infinity of kleinian groups. They have proven to form a very useful tool in geometric ergodic theory (see for example [C, K, Mo, PPS, R1, R2] ).
Definition
Shadows. When y, z ∈ N and R > 0, we call shadow seen from y of the ball B (z, R) the set denoted by O R (y, z), constituted by the points ξ ∈ N (∞) that are extremities of geodesic rays starting at y passing through the open ball B (z 2 , R).
By definition of the cone topology on N ∪ N (∞), these shadows are open sets of N (∞). Moreover the following lemma shows that they generate the natural topology of N (∞) (we state it without proof: see for example [K] for a related discussion). Shadows seen from the boundary. We can generalize the definition of shadows by defining for R > 0, z ∈ N , and ξ 0 ∈ N (∞), the set denoted by O R (ξ 0 , z) that is constituted by points ξ ∈ N (∞) such that the geodesic (ξ 0 , ξ) meets the ball B (z, R). We state the following lemma without proof (which is a rather immediate convexity argument) that will prove to be useful in the sequel.
Lemma 3.2. Let R > 0, z ∈ N , and ξ 0 ∈ N (∞). Consider the cone C R (ξ 0 , z) defined as the union of geodesics starting at ξ 0 that meet B (o, R) . Then:
Shadow lemma and doubling measures
Shadow lemma. The following result has already proven to be very useful. It has first been proven for conformal densities in constant curvature by [Su1] and generalized in a more general setting by [C, Mo, R1, PPS] . Recall that k F denotes the Gibbs kernel and (ν 
. Remark 1. Theorem 3.3 is usually stated under the following (equivalent) form:
From the proof of this theorem (we refer to the author's PhD thesis ([Al4] ,Théorème 6.3.5) for a proof of the present statement) we see that such an upper bound is valid no matter the choice of R:
. Remark 2. We will need later the condition R > 2R 0 which is not usually stated. In classical references the lemma provides the existence of an R such that the lower bound holds, but the proof shows in reality that such an R can be chosen arbitrarily large. Indeed the classical proof consists in showing that an R is admissible if and only if the measures ν
) are bounded from above by a constant independent of z. In order to find such an R we argue by contradiction assuming the existence of a sequence of positive numbers (R i ) i ∈N going to infinity and a sequence
If the latter were true, it would imply the existence of an atom in the class of Ledrappier's measures which is absurd. This argument provides more than just an admissible R: it provides arbitrarily large ones.
Doubling measures.
From the first remark, we deduce an important property of Ledrappier's measures: they possess the doubling condition.
Lemma 3.4 (Doubling condition). For every λ > 1 there exists a positive number C λ > 1 such that for all z ∈ N , we have:
, where R is the positive number given by the shadow lemma.
Proof. This is a rather immediate application of the shadow lemma (we use both the lower and upper bound). Let R > 0 be the number given by the shadow lemma, λ > 1 and z ∈ N . We have z) so, because of the lower bound given by the shadow lemma and the remark above, for every ξ ∈ O R (o, z), we have:
We conclude with C λ = C (λR)C .
Besicovitch's covering theorem and Borel density
In [R1, R2] , Roblin needs a covering theorem à la Vitali. It won't be enough for our purpose since we will need to deal with Borel density theorem.
Intersecting shadows. The first step when one wants to prove a covering theorem à la Besicovitch is to give an upper bound for the number of intersecting shadows whose respective "centers" belong only to one shadow. 
Proof. Consider a family of shadows (O
..k such as in the lemma: they all intersect and each of the "centers" belong only to one shadow. The first property means that there is a point ξ ∈ N (∞) such that each of the z i belongs to the R-neighbourhood of [o, ξ) . Since π 1 (M ) acts on N as a cocompact lattice it is possible to send via an isometry the balls B i in a ball B centered at a fixed base point o and of radius 6R (we may assume that R is more than the diameter of M ). Now use the fact that the exponential exp o : T o is bilipschitz on its image with constants depending only on N and R. Now use ( [Matt] , Lemma 2.6) which treats the analogous problem for round balls in the euclidian space in order to find the number α.
Besicovitch's theorem. Using Lemma 3.5 as well as the doubling condition of Ledrappier's measures (Lemma 3.4), it is possible to copy the proof of Theorem 2.7 of [Matt] 
Borel density. Now that we know that shadows satisfy a good covering property, it is possible to adapt the proof of [Matt] in order to prove the following:
Theorem 3.7 (Borel's differentiation theorem). Let N be the universal cover of a closed and negatively curved Riemannian manifold M . Assume that to every ξ ∈ N (∞) is associated a sequence of 
where f is a η 2 -integrable on N (∞), and η s is singular with respect to η 2 . Then, for η 2 -almost every ξ ∈ N (∞), we have:
In particular, when η 1 and η 2 are singular, we have for η 1 -almost every ξ ∈ N (∞):
Reduction to the study of the maximal function
In all this section, M represents a closed and negatively curved manifold and N denotes its Riemannian universal cover. We consider a Hölder continuous potential F :
The strategy is to use a maximal function à la Hardy-Littlewood and to prove that up to a universal constant it bounds the quotient of any F -harmonic functions. Then we deduce a special case of Theorem A, namely when the denominator is h F 0 from which we deduce the general case.
The key inequality
Maximal function. Consider two finite Radon measures on N (∞), η 1 , η 2 . The maximal function of η 1 with respect to η 2 is given by the following formula:
where ξ ∈ N (∞). The important property of the maximal function is that it is weakly η 2 -integrable:
Lemma 4.1. Let η 1 , η 2 two finite Radon measures on N (∞). Then there exists a constant A > 0 such that for every α > 0, we have:
Proof. Just copy the proof of Theorem 2.19 of [Matt] using our version of Besicovitch's covering theorem.
The key proposition. The following proposition is the main technical ingredient of the proof of Theorem A: we shall prove it later in Section 5. Define V 
2. If C > 1 is the constant given by the shadow lemma, we have for all z ∈ N and i = 1, 2:
Proof of Theorem A
We first show the theorem when η 2 = ν 
for η s -almost every ξ ∈ N (∞), we have: h(z) →∞ as z converges nontangentially to ξ.
The following result is an immediate corollary of Proposition 4.3: it uses the fact the h F 0 is uniformly bounded away from zero and infinity.
Corollary 4.4. Let η be a finite Radon measure on N (∞) and h be the corresponding F -harmonic function. Then for η-almost every ξ ∈ N (∞) we have:
where the convergence is nontangential.
Continuous density. We first prove Proposition 4.3 when η 1 = f ν 
Proof. As a preliminary remark, let us mention that since k 
. Then for all z ∈ N , we can write:
If we apply this formula to z i with i ≥ i 0 , we see that the second term is controlled by ε. As for the first one we bound it from above by (ν
))2 Sup f . In order to conclude we only have to prove that lim ν
Since z i → ξ 0 nontangentially, the sequence of shadows O R (ξ 0 , z i ) converges to N (∞) \ {ξ}. In particular for some i 1 > i 0 , we have
. Thus for every i > i 1 we find ν
. Now it is possible to send z i on the compact fundamental domain K which contains o by an isometry γ i ∈ π 1 (M ) . When i increases, γ i z i 1 is sent at infinity and the diameter of the shadow
Finally, there is i 2 > i 1 > i 0 such that for every i > i 2 , ν
This proves that lim h(z)/h(z i ) = f (ξ 0 ).
Integrable density. Now we treat the case of an integrable density. In order to do this we approximate integrable functions by continuous ones and use the key property 4.2 as well as the weak integrability of the maximal function: the proof is just a copy of that of Theorem 7.7 of [Ru] . 
Singular measure. Finally we treat the case of a F -harmonic function corresponding to measures which are singular with respect to ν 
for η s -almost every ξ ∈ N (∞), we have h(z) →∞ as z converges nontangentially to ξ.
Proof of Theorem A The proof of the general case of Theorem A follows the same steps as that of the particular case where η 2 = ν 
Proof of the key proposition
Proof of the second part
The second part of Proposition 4.2 is the easiest one to prove: it is a simple application of the shadow lemma. We want to prove that for every finite Radon measure η on N (∞), if h is the corresponding F -harmonic function, we have for every z ∈ N ,
So let η be a finite Radon measure on N (∞), and h the corresponding F -harmonic function.
. Now use the lower bound given by the shadow lemma: there is a constant C independent of z such that for every ξ ∈ O R (o, z), we have k
We conclude the proof by injecting this inequality in the integral.
Proof of the first part
Reduction to the radial case. We start by showing that it is enough to prove the first assertion of Proposition 4.2 when r = 0, i.e. when z is supposed to stay on a given geodesic ray [o, ξ) . For that purpose we show a version of Harnack's inequality for F -harmonic functions:
Proposition 5.1. Let h : N →(0, ∞) be a F -harmonic function. Then for all r > 0 there exists a constant A r > 0 such that whenever y, z ∈ N are distant of at most r we have:
Hence if it is true that for every ξ ∈ N (∞) and 
Proof. Consider a real number r > 0 as well as two points y, z ∈ N which are distant of at most r . Let ξ ∈ N (∞). It is enough to prove the upper bound since k
. With no restriction we may assume that β ξ (y, z) is positive, in such a way that there exists z ′ ∈ [z; ξ) belonging to the horosphere centered at ξ and passing through y. Then we may write:
We have dist(z
. By comparison of geodesic and horospheric distances (see Theorem 4.6 of [HI] ) we see that dist H (z, z ′′ ) ≤ 2/b sinh(2br ) (here dist H denotes the horospheric distance). By using the Hölder continuity of F as well as the exponential contraction of horospheric distances along the geodesic rays [z ′ , ξ) et [y, ξ), we can by the usual distortion controls bound from above the first factor by a number depending only on r and on F .
By using the fact that F − P (F ) is bounded and that dist(z ′ , z) ≤ r , the second term can also be bounded by a term depending only on r and F . It is then possible to conclude the proof. Proof. We will restrict our study to that of a simpler case. Let ξ 1 be the other extremity of the geodesic passing through o and z, in such a way that ξ 1 , o, z, ξ 0 are aligned in this order on the geodesic (ξ 1 , ξ 0 ). Lemma 3.2 asserts that
Thus it is enough to bound from below the exterior angle at z of the geodesic triangle whose vertices are ξ 1 , z and ξ where ξ ∈ c O R/2 (ξ 1 , z).
It is immediate that it is enough to bound this angle from below when the geodesic (ξ 1 , ξ) is tangent to the sphere S(o, R/2), i.e. when the altitude of the triangle is R/2. Consider such a triangle and denote by θ the exterior angle at z.
Toponogov's theorem implies that if one considers the triangle, denoted be ∆ R/2 (unique up to isometry in constant curvature) of N −b 2 with two vertices at infinity, a vertex denoted by z in N −b 2 and an altitude of R/2, then the exterior angle θ 0 at z is ≤ θ.
Finally an application of Gauss-Bonnet's theorem gives the explicit lower bound:
Lemma 5.4. There exists a number K > 0 such that for every y, z ∈ N such that o, y, z are aligned in this order and for every ξ ∈ c O R/2 (o, y), we have:
Proof. Here the proof uses a CAT(−a 2 ) inequality and elementary hyperbolic geometry (the law of cosines).
Let y, z and ξ be given such as in the statement of the lemma. Lemma 5.3 ensures that since ξ ∈ c O R/2 (o, y), and since o, y, z are aligned in this order, if θ represents ξy z, we have θ ≥ θ 0 .
Let us parametrize the geodesic ray [y, ξ) in such a way that c(T ) represents the point of the ray which is at distance T to y.
Consider the geodesic triangle whose vertices are z 1 , z 2 , and c(T ). A CAT(−a 2 ) inequality tells us that there exists a comparison triangle in N −a 2 , whose vertices are denoted by y, z and c(T ) such that:
Now we only have to use the law of cosines in N −a 2 , i.e. we have:
, by dividing by cosh(aT ) and factorizing by cosh(aD), it comes:
For the last inequality we use the facts that tanh x ≤ 1, and that cosh(x) ≥ e x /2 for every x > 0. When T tends to infintiy, this inequality becomes exp(aβ ξ (y, z)) ≥ exp(a dist(y, z))(1−cos θ 0 )/2. The quantity (1 − cos θ 0 )/2 is < 1, hence we obtain the conclusion of the lemma with K = −1/a log[(1 − cos θ 0 )/2].
Decomposition of the integral representation.
Let o ∈ N be any base point, ξ 0 ∈ N (∞) and z ∈ N such that z ∈ [o, ξ 0 ). Consider a subdivision of the segment [o, z] of the form (z i ) i =0,...,k(z) where o, z k(z) , ..., z 1 , z 0 = z are aligned in this order and such that for all i ≥ 1:
Note that we asked that dist(o, z k(z) ) < R/2 in such way that O R (o, z k(z) ) = N (∞). We will consider the decomposition of N (∞) given by the shadows O R (o, z i ).
Lemma 5.5. For every i ≥ 1, we have:
Proof. The proof of this lemma is immediate: for all i ≥ 1, o, z i , z i −1 are aligned in this order and
We can decompose the integral representation of h as:
The idea will be now to use the cocycle relation k
, to use the shadow lemma in order to control the first factor, and a geometric estimate, which is the object of the next paragraph, in order to control the second one.
Estimates for the Gibbs kernel. We shall use our geometric lemmas in order to prove the following bounds for the kernel:
Lemma 5.6. There exists a constant C 0 > 1 independent of z for which we have:
Recall that the interest of considering the point z i is that by Lemma 5.3 we have that ξz i z is more than a universal angle θ 0 . We deduce from Lemma 5.4 that for every ξ
the Busemann cocycle is negative only on a bounded subset of [z i , ξ) on which such estimates hold since every of the terms involved is bounded by a quantity depending only on K and F (see Lemma 5.2).
Suppose in the sequel that β ξ (z i , z) > 0. Let z ′ be the intersection point between the geodesic starting from ξ and passing through z, with the horosphere H ξ (z i ). Since by hypothesis β ξ (z, z i ) > 0, the points z, z ′ and ξ are aligned in this order. We claim that the distance between z ′ and z i is unifomly bounded. This comes from the triangular inequality and from the fact that dist(z, z
Hence the horospheric distance between z ′ and z i is uniformly bounded by K ′ = 2 b sinh(bK ) (again Theorem 4.6 of [HI] ). Now the kernel reads as follows:
The first factor can be bounded exactly like in the proof of Lemma 5.2. Now we have to treat the second factor. By an argument of convexity, the geodesic segment
, z], and K is a uniform constant. Hence since the function F is Hölder on T 1 M , it comes that the ratio between exp[´z z ′ ( F −P (F ))] and exp[´z z i ( F −P (F ))] is uniformly bounded, concluding the proof of the lemma.
Bounds for F -harmonic functions. We will now use the previous lemmas in order to give our main estimate for F -harmonic functions. 
Then:
, for a constant C 1 independent of η, z.
Proof. When ξ ∈ O 0 we can use the shadow lemma in order to get k
. Injecting this in the integral allows us to prove that:
and inject these inequalities in the integral in order to get a constant C 1 such that:
Summing over i completes the proof.
End of the proof of the key proposition. Consider two finite Radon measures η 1 and η 2 as well as the corresponding F -harmonic functions h 1 and h 2 . Denote for
. Performing an Abel transformation in the sum given by Lemma 5.7 yields:
Note first that by definition of the maximal function, we have:
Note now that for every i = i 0 , ..., k(z) − 1, we have:
On the one hand, (O i ) 1=0,...,k(z) forms a strictly increasing sequence of shadows: in particular we have for every
On the other hand, when i ≥ 0 we have:
But we have chosen the subdivision in such a way that dist(z i +1 , z i ) = R/2 > R 0 , where R 0 is the constant given by the dynamical Lemma 2.1. This implies in particular that k i +1 /k i < 1. All this implies that a i − a i +1 > 0 for i = 0, ..., k(z) − 1 and thus:
We recapitulate. We have a constant C 1 independent of z, ξ, η i such that:
the third inequality coming from the lower bound given by Lemma 5.7. This completes the proof of Propositoin 4.2.
Properties and some examples of F -harmonic functions
We conclude this paper by giving some basic properties of F -harmonic functions, and by giving some examples coming from projective foliated bundles.
Uniqueness of the F -harmonic function on a compact manifold
The goal here is to prove Theorem B: there is a unique F -harmonic function on M . We gave a much simpler proof of this fact in [Al3] which is based on the bijective correspondence between Gibbs states on T 1 M for the geodesic flow and F -harmonic measures on M of the form hd Leb, with f F -harmonic. The uniqueness of the Gibbs state then implies the uniqueness of the F -harmonic density (this is Theorem 4.17 of [Al3] ).
Since our initial motivation was to use a Theorem à la Fatou in order to prove this uniqueness result, we decided to give the longer proof.
Proof of Theorem B.
It is enough to prove that, up to a multiplicative constant, h F 0 is the unique F -harmonic function on N which is invariant by the action of the group π 1 (M ) . First note that it is clearly invariant by the equivariance property of Ledrappier's measures (see Theorem 2.2). Now let h a π 1 (M )-invariant F -harmonic function on N . There exists a finite measure η on N (∞) such that h possesses an integral representation:
for z ∈ N . Let's write the Lebesgue decomposition of η with respect to ν First, we notice that the function h is continuous and invariant by π 1 (M ) , which is realized as a cocompact subgroup of isometries of N . As a consequence h is bounded. By the second part of Theorem A the measure η has no singular part with respect to ν Using again the compactness of M we see that any geodesic is at bounded distance to some broken line which links some points of the orbit of o under π 1 (M ) . As a consequence, every point ξ ∈ N (∞) may be obtained as the nontangential limit of some sequence (
Thus the first part of Theorem A implies that for ν 
Uniqueness of the integral representation
We now turn to the proof of Theorem C which states the uniqueness of the integral representation of F -harmonic functions. Let η 1 , η 2 be two finite Radon measures on N (∞) and consider the two corresponding F -harmonic functions h 1 and h 2 . Assume that h 1 (z) = h 2 (z) for every z ∈ N . Write the Lebesgue decomposition η 1 = f η 2 +η s where f is η 2 -integrable and η s is singular with respect to η 2 .
Then we have for every z ∈ N h 1 (z)/h 2 (z) = 1. In particular this quotient is everywhere bounded and by the last part of Theorem A we get that there is no singular part: η 1 = f η 2 . By letting z converge nontangentially to some ξ ∈ N (∞) we find that f = 1 almost everywhere, completing the proof.
Examples of F -harmonic functions associated to projective foliated bundles
We now give some of the examples associated to projective foliated bundles which led us to consider this theory of F -harmonicity. In what follows, M is still a closed and negatively curved manifold and N its Riemannian universal cover. We consider a Hölder continuous potential F :
Projective bundles. Consider a representation ρ : π 1 (M ) →P SL 2 (C) . We can suspend the representation: π 1 (M ) acts diagonally on N × CP 1 (on N it acts by deck transformations and on CP 1 by ρ). Now the quotient is a manifold endowed with a projective CP 1 -bundle Π : E → M with a foliation F transverse to the fibers whose holonomy representation is given by ρ (see for example [CL] ). It is possible to parametrize the leaves of F by the Riemannian structure of M by lifting the metric by the fibration.
The ergodic study of the leaves of F was the main topic of [Al3] . We defined F -harmonic measures for F as measures on E which have Lebesgue disintegration in the leaves, and whose local densities are F -harmonic. They generalize Garnett's harmonic measures for foliations [Gar] .
Existence of such measures was guaranteed by a bijective correspondence between these measures and a notion of Gibbs measures for the foliated geodesic flow. In the absence of transverse invariant measure by holonomy we proved that F -harmonic measures are solution of a natural problem of equidistribution of the leaves. The problem of equidistribution consists in looking at the accumulation points of weighted averages in large balls of leaves of F of the form:
is the Riemannian universal cover of the leaf L x . When F = 0, we just look at the uniform weight on large balls and let the radius grow: it is a multidimensional analogue of Birkhoff averages. We obtained: Remark. Let us mention that the hypothesis made on the pressure of F is not restrictive since it is always possible to add a constant to F and that P (F + c) = P (F ) + c. Moreover when one adds a constant to F one does not change the Gibbs kernel k F , so the notion of F -harmonic measure remains unchanged.
Characteristic class and function of a leaf. A F -harmonic measure provides a priori only local F -harmonic densities in the plaques of F . A priori holonomy inside the leaves is an obstruction to extend these local densities. But we showed in [Al1, Al2, Al3] that this obstruction is in fact void for a typical leaf. More precisely, let (U i ) i ∈I be a finite covering of M that trivialize the bundle, such that the intersection of any two of the U i 's is connected. A F -harmonic measure m F reads in where z ∈ U i and c is any path linking x and z.
The function H x is called the characteristic function of the typical leaf L x . It has a unique integral representation associated to a finite Radon measure η x on N (∞). Here again the measure is defined up to a multiplicative constant, but the class is canonical. We call it the characteristic class of the typical leaf. This terminology is due to Matsumoto [M] . We give in our context a generalization of a theorem of Matsumoto [M] which is very much in the spirit of Theorem E of [Al2] . • the characteristic function of a m F -typical leaf is unbounded.
Proof. It is enough to copy the proof of Theorem E of [Al2] . The role of the main technical ingredient in the proof of this Theorem, which is ([Al2], Proposition 6.2), is played by ([Al3] ,Proposition 5.11): it will also be possible to prove that the characteristic class is singular with respect to the class of Ledrappier's measures if and only if the disintegration of the unique F -Gibbs measure for the foliated geodesic flow in the stable manifolds is singular with respect to the Gibbs class (see [Al3] for the terminology), and that the latter is satisfied when there is no invariant measure. Now that we know that the characteristic class is singular with respect to the Ledrappier's class we use the last part of our theorem à la Fatou in order to deduce that the characteristic function is unbounded.
Family of F -harmonic measures. We now turn to the disintegration of the unique F -harmonic measure on the fibers of Π : E → M . Call (m F,p ) p∈M the family of conditional measures. These conditional measures are the solution of a natural equidistribution problem of orbits of ρ that we shall describe below.
Define the following distance function on π 1 (M ), which acts on N by isometries: d (γ 1 , γ 2 ) = dist(γ 1 o, γ 2 o), where o is some base point. Consider the following weight κ These examples provide other natural examples of bounded F -harmonic functions on N than just the trivial functions given by masses of Ledrappier measures.
